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For a fixed probabiUtyp, 0<p< 1, almost every random graph G,,p has chromatic number 

+o(I) log (I/(I-p)) log n ' 

O. Introduction 

One of  the best known and most studied unsol;eed problems in the theory of 
random graphs is the determination of the chromatic number of almost every random 
graph. As usual, we write Gp for a random graph with vertex set V= In] = {1, 2 . . . . .  n} 
in which the edges are chosen independently and with probability p=p(n), 0 < p <  1. 
In most of what follows, we shall take p to be fixed and write d =  1/(1-p). Putting 
it rather crudely, Grimmett and McDiarmid [8] proved that a. e. Gp is such that its 
chromatic number X(Gp) satisfies 

(I) n (I+o(I)) ~ Z(Gp) < n (I+o(I)) 
2 logd n -- -- logd n 

and a little sharper result was proved by Bollob~s and ErdSs [4]. 
The chromatic number of sparse graphs was studied in [2, 5, 11, 17] and the 

performance of  sequential algorithms was analysed by McDiarmid [10] and Shamir 
and Upfal [18]. Recently, Shamir and Spencer [16] proved that for every co(n)-*~o 
there is an interval of length co(n)n x/z such that  the chromatic number of a. e. Gp 
belongs to this interval. However, none of these results improved on (1), in parti- 
cular, they did not rule out that both bounds in (1) are essentially best possible. 

Very recently, the ratio 2 of the two bounds in (1) was improved substantially 
by Matula [12] who proved that a. e. Gp satisfies 

(2) 
2n n (I+o(I)). 

2 logd n - - 3 logan 

AMS subject classification (1980): 05 C 15. 
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The main aim of this note is to improve (2) to an essentially best possible 
result by showing that z(Go) is, almost surely, equal to the lower bound in (1) 
(and so in (2)). 

The notation and terminology we use are standard; the reader is referred to 
[3] for an introduction to random graighs. 

1. Cliques in random graphs 

Let 0 < p < l  be fixed and set b=l/p. It was proved in [4] (see also [3, p. 
253]) that there is an integer-valued function r=rl (n) such that 

21ogb n -- 2 log b log n + 21Ogb (e/2) + o (1) <= 

<= r1(n) --~ 2 lOgb n -- 2 IOgb log n + 2 logb (e/2) + 1 + o(1) 

and there is a set M c N  of  density 1 "such that if nEM then cl(Gp), the clique 
number of Gp, is precisely r~. Putting it more formally, 

lim e(cl(a.,p) = r,) = 1. 
h E M  

We shall show that if r is substantially smaller than rx (although r~rx) then the 
probability that cl(Gp)~r is exponentially small. 

The proof of this assertion is based on a martingale inequality frequently 
used in combinatorial functional analysis (see, e.g., [9, 13, 14, 15, 17]) and applied 
to random graphs by Shamir and Spencer [16]. 

Let (f2, F, P) be a probability triple and let Fo = F1 c F~ c . . .  be an increasing 
sequence of sub - a - f i e l d s  of F. Let X0, X~ . . . .  be random variables on (f2, F, P) 
such that Xk is Fk-measurable and E(X~+dFk)=Xk. The following inequality is 
due to Freedman [7]; a similiar inequality was proved by Azuma [1]. 

Lemma 1. I f  IX~+l--X~l~_c for some c>O, b=mc = and a>O then 

f b i'+b { a~ } 
e a < exp - ; (3) P(Xm <= E ( X , ) -  a) ~_ C'd'-+'~! - 2(a + b) 

We shall apply Freedman's inequality to martingales on f#(n,p), the proba- 
bility space of all graphs on V=[n], with the probability giving the random graphs Gp. 

t=} t Let E o c E ~ c . . . c E m = V  tz~ be an: increasing sequence of sets in V , he 
set of all unordered pairs of vertices, and le t .  Fk b e  defined by  the function 
G-~E(G)NE~. Given a random variable X on ~(n,p), define Xk=E(XIFk). Then 
(Xk)~' is a martingale; we shall apply Lemma 1 to this martingale to prove our result. 

Let us turn-now to the study of cliques in G r Let r=r(n)EN and let 
Y,= Y(n, r ) =  Y,(Go)=k,(Gp) b e  the number of complete r-graphs in Gp. Then, 
trivially, the expectation of ]t, is 

E .  = 2r(n, r )  = Z ( r , )  = p = 
r 
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Theorem 2. Let r=r(n) >=3 and ~=~(n) => 1/2 be such that E(r, n) =n~=o(n~/(log n)4). 
Then for 0<c<_-I we have 

P(Y, ~_ (1 - c)n ~) ~_ exp { '  (c 2 + o(1)n~=-z)}. 

Proof. The choice of rl implies (see [3, pp. 252--253]) that if r ' -~rx+l  then 
E(n,r')=o(1) and if 3<-r"<-rl-3 then E ( n , r " ) / n S ~ .  Hence r x - 3 < r < r a + l  
so, in particular, r-,,ra and 

(4) cxn/(log n) ~ <= p-"  ~ c~n~/(log n) 2 

for some positive constants Cl and c2. Let X=X(Gp) be the maximal number o f  
edge-disjoint K r subgraphs in Gp. Then, by definiton, X~_Y,. 

Let E o c E l c . . . c E s = V  '~' be such that IEkl=k, where, as usual, N = [ n [ .  
f %  

Let (Xk)o N be the martingale defined by X and this sequence (Ek)0 u, namely 
% # 

let Xk(G)=E(X(Gp)[E(Gp)f)Ek=s In particular, XN=X. Clearly 
Xk+x--Xk _~I for every k. Indeed, Ek+~--El,={uv} for some pair uv, and the 
addition of uv to t he  edge set of a graph increases X by at most one, because at 
most one of the K" s containing uv may be counted by X. Hence, by (3), for a > 0  
we have 

(5) t ' (X  ~_ E(X) -- a) < exp { 
a ~ 

- 2 (a~  N)J" 

All that remains is to estimate E(X) from below. Let X'(G) be the number 
of K" subgraphs in a graph G sharing no edge with another K'. Then X" ~ X  so 
e(x') <-E(x). 

Let K0 be the complete graph with vertex set W=[r]={1,  ..., r} and let 
AcG(n ,p )  be the event KocGl,. Furthermore, let Z~ be the number of K" sub- 

r ~ ] .  

graphs of Gp having I vertices in: Wand  let Z =  z~ Z~. By definition, A holds and 
. / = 2  

Z=0  iff Gp contains Ko and K0 shares no edge with another K" subgraph, so 

(6) 

Also, 
1.--1 

E(ZIA) = z~ E(Z, IA) 
1 = 2  

(7) 

and 

i: -i:l (8) E (Z ,  IA) = p = Fz. 

Then for 2 ~_ 1~ r-- 2 we have 

(r-/)~ p_~. 
Fz§ = (1+ 1)(n-- 2r + ! + 1) 

This shows that Ft+i/F:=o(n -1/3) for l~(1/2)logbn and for l_~(1/2)logbn 
it is an increasing function of 1. Also F,_a/F,_~_can/(log n) 2. for some c8>0. 
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Therefore 

Now 

and, by (4), 

Hence 

r - - 1  

F, = + o ( 1 ) ) .  
1 = 2  

r ~ 
F2 ~ E(n, r) .~ .p-1 = O ((log n)4n ~-2) = o(1) 

~-a  <- rnp r-x = O((logn)3[n) = o(1). 

r - - 1  

~ '  Ft :- o(1) 

and so, by (6), (7) and (8), 

> P(A) = (l + o(1))E(n, r) = (I + o(1))n'. (9) E(X')  = (1+o(1) r 

The proof of the theorem is essentially complete. Set a=E(X)- (1 - -c )n ' .  
Then by (9), a>=E(X') - ( I -c)n '=(c+o(1))n  ~. Hence, by (5), 

P(Y, ~_ (1 - c ) n  ~) ~_ P ( X  ~ (1 - c )n ' )  ~_ P ( X  ~_ E ( X ) - a )  ~_ 

~_ exp 2 (a '~N)  = exp{-(c~+~ | 

Corollas3.  Let n '=n ' (n )=nP~n and r'=r'(n)>=3 be such that E(r ' ,n ' )=n ~ 
and 2n 3p log n<-n2~=o(n4P](log n)8). Then a. e. Gp is such that every n'-subset of 
vertices contains at least one complete graph of  order r'. 

Proof. The number of if-subsets of vertices is (nnI<n "" and the probability that a 

given if-subset of vertices fails to contain a K r' is at most exp {-2ne'-2P/3}=o(n-"'). II 

2. The chromatic number of random graphs 

A colouring of a graph is a partitioning of the vertex set into independent 
sets, i.e. sets spanning complete subgraphs of the complement. As the complement 
of a random graph Gp is a random graph Gq where q = 1 - p ,  the following theorem 
is an easy consequence of Corollary 3. 

Theorem4. Let 0 < p < l  be fixed and set q = l - p ,  d=l /q  and 

so = [2 Iogd n--loga log a nq-2 1Ogd (el2)+ 1]. 

Then a. e. Gp is such that 

_ _  n ( 31oglogn)  n ~_~(Gp)~ I-~ 
s o -- s o log n 

In particular, z(Gp)=-~o (1 -t-o(1)). 
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Proof. The lower bound is well known (see [3, p. 265]) and is immediate from the 
fact that almost no Ga contains a Ks0 +x. Thus the content of the theorem is the 
upper bound. Set s~=s0-[5 Iogd log nJ and let na be the maximal natural number 
such that 

~,al1 

Note that E,(nl, sl) is the expected number of K r, subgraphs in G,,.q, i.e. the ex- 
pected number of independent sa-sets of vertices in G,,.p. Then, trivially (see also 
[3, pp. 253--255]), 2n[/a<=Eq(nl, sl)-<3n~/3 and n/(log n)a~_nl<=n/(log n) ~. 

Applying Corollary 3 to Gq with n'=nl and r'=sl, we find that a. e. Gp 
is such that every set of n~ vertices contains sl independent vertices. The chromatic 
number of such a GF is at most n]sl+n ~. Indeed, colour such a Gp by successively 
picking sx-sets of independent vertices and giving them the same colour; when there 
is no independent st-set, give the remaining vertices distinct colours. By assumption 
we can always find an independent sx-set, unless we are left with fewer than nl ver- 
tices. Thus altogether we do use at most n/sx +nx colours. Since 

n (1 + 3 1 o g l o g n )  
_.--ff-n + n I .< st sx log n 

the theorem is proved. II 

3, Varying probabilities 

Though the main aim of this note is the study of the clique number and 
chromatic number ofGp forp constant, we sketch some results implied by the methods 
for other values of p. It is clear that in Theorem 2 we need not assume that p is 
constant; what we need is that the expected number of K" subgraphs be about the 
expected number of K" subgraphs sharing no edges with other K" subgraphs. As 
p decreases and so r decreases this is easily satisfied but when q=l--p is rather 
small, this is not true. In view of this we state the result corresponding to Theorem 2 
for the complementary graph, i.e. for independent sets in G r The proof is just that 
of Theorem 2, mutatis mutandis. 

TheoremS. Let O~p=p(n)<l/2, q = l - p ,  s=s(n)~_3 and Eq(n,s)= q(Z)=n'. 
Suppose that n==o(p4nZ/(log n)4) - and snqS=o(1). Denote by Zs the number of 
independent s-sets in Gp. Then for 0 < c _ l  we have 

P(Z, ~_ (1 -c )n ' )  _ exp{-(c*:+ofl))n2"-2}. I 

If p and r satisfy the conditions of Theorem 5 then p is not too small; for 
a_~ 1 the smallest it can be is about n -1/4. Theorem 5 implies not only that, as 
it is well known, the independence number of a. e. Gp is almost determined but also 
that the probability that the independence number is a little smaller than it should 
be is exponentially small. As the result can easily be sharpened, we only sketch the 
proof. 
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Corollary6. Let 0 < 0 < I / 8  be fixed, p = n  -~ k>=l a constant, no=[n/(logn)k]~ 
s=[n~ and so=[s--(2k+l)loglogn].  Then a. e. G~, 
is such that it does not contain s independent vertices but every set o f  no vertices 
contains so independent vertices. 

Proof. It is easily checked that E~(n, s)=o(1) so almost no Gp contains s inde- 
pendent vertices. Fix g such that 3 / 2 < g < 2 - 4 0 .  The integers no and so have 
been chosen to guarantee Eq(no, so)~-=n ~. Let nl be the minimal natural number 
such that Eq(m, so)>=2m ~ for all m, nl<-m<-no . Straightforward calculations show 
that nl~n/(logn) k+l and Eq(nl,So)<=3n~. The conditions of Theorem 5 are 
satisfied for s=so and n=nl  so the probability that a given set of n~ vertices of 
Gp fails to contain so independent vertices is at most exp{-n~-2}. Hence the 
probability that among some nx<-no vertices we do not have so independent vertices 

is at most {nJ:xp{-n~'-~}=o(1).  II 

Theorem 7. Let 0 < 0 <  1/3 befixed, l e tp=n -~ ands=[n~ n - 2  log log n}]. 
Then a. e. Gp is such that 

n (  , 41oglogn ) 

Proof. The lower bound is trivial since almost no Gp contains s independent vertices. 
Turning to the upper bound, let no = [n/(log n) 2] and 

/ (  3 log logn)  
so = Is--5 log log n] -> s 1 -F 1--U~ 0 log n )" 

By Corollary 6, a. e. Gp is such that every n0-subset of vertices contains so 
independent vertices. 

Furthermore, the greedy algorithm (see [10] and [3, p. 266]) shows that a. e. 
Gp is such that every set of no vertices can be coloured with at most pno=nX-~ n) ~ 
colours. Let us take such a Gp and colour it by successively selecting s o independent 
vertices and giving them a new colour. In this way after at most 

n (  31oglogn ) 
n/so~_--~ lq  ( l - -01ogn 

colours we are left with m vertices for some no/2~m<=no. These m vertices can 
be coloured with at most nX-~ n) ~ colours. Since 

n ( l _ t  31oglogn~ n 1-~ n (  4 1 o g _ l o g n ) ,  
s ( l ~ n J  -t 0 o g n f  -~ 171" ( l - O ) l o g n )  

the proof is complete. II 

Theorems 2 and 5 were proved by considering edge disjoint cliques, and 
independent sets sharing no pair of vertices. The range in Theorem 8 can be 
extended to 0< /9<  1/4 if for suitable values of so and to we consider the maximal 
number of independent so-sets such that no pair of  vertices is in more than to of 
these sets. 
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